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We study stationary slowly rotating black holes, up to quadratic order in the spin angular
momentum, in dynamical Chern-Simons gravity and shift symmetric Einstein scalar Gauss-
Bonnet gravity, as models of string-inspired gravities. These gravity theories modify general
relativity by introducing dynamical scalar fields coupled with curvature invariants. We show
that the linear time dependence of the scalar fields is allowed from the stationarity of the
effective stress energy tensors. However, these time dependent scalar fields yield singular
behavior of the metric functions at the black hole horizons, or they are incompatible with
the stationarity of the spacetimes. Thus, these gravity theories admit only known solutions
as regular stationary solutions. Our results suggest the non-existence of rotating non-circular
black holes in these gravity theories.
2I. INTRODUCTION
In general relativity, the exterior solution of vacuum, asymptotically flat, stationary and ax-
isymmetric black hole is given by the Kerr spacetime, which is characterized by its mass and
angular momentum. This is a consequence of the unique theorem [1–3]. If we consider modified
gravity theories, black holes need not be described by the Kerr spacetime (see, e.g., [4] and refer-
ences therein). Most of the stationary and axisymmetric black hole solutions found so far satisfy
the circularity condition.1 In general relativity, it is shown that the circularity condition holds
for the asymptotically flat spacetimes in vacuum system (see, e.g., [5, 6]), the Einstein real scalar
system [7] and Einstein–Maxwell system [8]. Yet, in modified gravity theories, it is not obvious
whether spacetimes satisfy the circularity condition or not. If we can observe the effect of non-
circularity, it directly suggests the violation of general relativity because the circularity condition
should hold for general relativity.
While the no-hair theorem holds for Einstein real scalar systems [7, 9] and a class of modified
gravity theories with stationary scalar fields [10], it is not obvious for other systems. For some
Einstein complex scalar systems, hairy stationary circular black hole solutions have been found,
for example, [11–13] (see also [14] and references therein), where scalar fields have the harmonic
time dependence.2 In case of modified gravity theories, the linear time dependence of the scalar
field has been introduced to obtain hairy static black hole solutions [16]. Moreover, in [17], it is
indicated that time dependence of scalar fields is crucial to obtain non-circular black hole solutions.
Recently, non-circular stationary black hole solutions have been obtained by using the disformal
transformation in DHOST theories [18, 19], while the associated scalar fields have linear time
dependence.
The aims of this paper are to explore the possibility of the existence of non-circular station-
ary black hole solutions in string-inspired gravity, and to develop the analysis methods for the
construction of such solutions. To this end, we focus on a particular class of the quadratic grav-
ity theories: dynamical Chern–Simons (dCS) gravity [20, 21] and shift symmetric Einstein scalar
Gauss–Bonnet (ESGB) gravity [22, 23]. These two gravity theories modify general relativity by
introducing dynamical scalar fields coupled with curvature invariants. In these quadratic gravity
theories, stationary axisymmetric circular black hole solutions that differ from the Kerr spacetime
1 Roughly speaking, the circularity condition means that t − φ part and r − θ part of the metric are orthogonal,
where t and φ correspond to Killing coordinates of time translation and axisymmetry, respectively, and r and θ
are the other two coordinates. See Appendix A, for details.
2 In [15], the possible time dependence of scalar fields whose stress energy tensors are stationary is studied.
3have been found in slow rotation approximation [24–27] as well as non-perturbative numerical
approaches [28, 29]. We should note that these previous works assume stationarity of the scalar
fields. In this paper, we consider perturbative solutions around the Schwarzschild spacetime and
find slowly rotating black hole solutions up to quadratic order in the spin and linear order in cou-
pling constants without assuming the circularity condition and stationarity of the scalar fields. We
show that the stationarity of the effective stress energy tensors determines the time dependence
of the scalar fields. From this condition, the linear time dependence of the scalar fields is derived.
This result is natural because spacetimes can be stationary even if scalar fields have the linear time
dependence due to the shift symmetry of the theories. We note that our analysis explicitly show
the other time dependence of the scalar fields is impossible. However, these time dependent scalar
fields yield singular behavior of the metric functions at the black hole horizons in dCS gravity,3
and they are incompatible with the stationarity of the spacetime in ESGB gravity. Thus, these
quadratic gravity theories admit only known solutions in [24–27] as regular stationary solutions.
Our results suggest the non-existence of rotating non-circular black holes in these quadratic gravity
theories.
This paper is organized as follows. In Sec. II, at the beginning, we review dCS gravity and ESGB
gravity briefly. After that, we explain the approximation scheme. In Secs. III and IV, we study
slowly rotating black holes in dCS gravity and ESGB gravity, respectively. Section V is devoted to
summary and discussion. In Appendix A, we review the circularity condition. In Appendix B, we
review the linear stationary metric perturbation in the Regge–Wheeler gauge. In Appendix C, we
discuss the homogeneous solutions for the Einstein equations. In what follows, we use the geometric
units: c = G = 1 and parentheses in index lists for symmetrization: A(µν) = (Aµν +Aνµ)/2.
II. THEORIES AND APPROXIMATION SCHEMES
A. dynamical Chern–Simons gravity and shift symmetric Einstein scalar Gauss–Bonnet
gravity
In this paper, we focus on quadratic gravity theories, which introduce dynamical scalar fields
coupling to curvature squared terms. In particular, we consider dynamical Chern–Simons (dCS)
gravity and shift symmetric Einstein scalar Gauss–Bonnet (ESGB) gravity. The actions are given
3 Note that the corresponding metric functions are non-circular but they are singular at the horizon.
4by
SdCS =
∫
dx4
√−g
[
κR +
α
4
ϑRνµρσR˜
µνρσ − β
2
{∇µϑ∇µϑ+ 2VdCS(ϑ)}
]
, (1)
SESGB =
∫
dx4
√−g
[
κR + αϕ{R2 − 4RµνRµν +RµνρλRµνρλ} − β
2
{∇µϕ∇µϕ+ 2VESGB(ϕ)}
]
,
(2)
respectively. Here, κ = 1/(16π), g denotes the determinant of gµν , and R˜µνρσ is the dual of the
Riemann tensor defined by
R˜µνρσ =
1
2
ǫρσαβRµν αβ, (3)
where ǫµνρσ is the Levi–Civita tensor. ϑ and ϕ are scalar fields, and VdCS(ϑ) and VESGB(ϕ) are
potentials of the each gravity theory, while α and β are coupling constants. In this paper, we set
VdCS(ϑ) = VESGB(ϕ) = 0 which implies that those theories possess shift symmetry, i.e., theories
are invariant under the transformation ϑ→ ϑ+ const. or ϕ→ ϕ+ const. We take ϑ, ϕ, and β are
dimensionless and α have dimensions of (length)2. Hereafter, we set β = 1.
B. approximation schemes
We consider the slow rotation and the weak coupling approximation. The expansion parameters
are the slow rotation parameter ε(≪ 1) and the weak coupling parameter ζ(≪ 1) which are
respectively defined by
ε ≡ a
M
, ζ ≡ α
2
κM4
, (4)
whereM is the mass of the system and a is the spin parameter of the system defined as the angular
momentum divided by M . In this paper, we study the slowly rotating solutions up to quadratic
order in the spin and linear order in coupling constant. The circular black hole solutions in dCS
gravity theory have been discussed at linear order in the spin [24] and quadratic order in the spin
[25]. The non-perturbative spinning solution have been also obtained numerically in [28].
We employ the approximation schemes used in [24, 25]. We expand the metric in terms of the
weak coupling parameter as
gµν = g
(0)
µν + ζg
(1)
µν +O(ζ2), (5)
5where g
(0)
µν is the exact Kerr metric 4 , which is expressed in the Boyer-Lindquist coordinates
{t, r, θ, φ}:
ds2 = −Σ∆
A
dt2 +
Σ
∆
dr2 +Σdθ2 +
A
Σ
sin2 θ
[
dφ− a(r
2 + a2 −∆)
A
dt
]2
, (6)
with
Σ ≡ r2 + a2 cos2 θ, (7)
∆ ≡ r2 + a2 − 2Mr, (8)
A ≡ (r2 + a2)2 −∆a2 sin2 θ. (9)
Next, we re-expand the metric (5) in terms of the slow rotation parameter as
g(0)µν = g
(0,0)
µν + εg
(1,0)
µν + ε
2g(2,0)µν +O(ε3), (10)
ζg(1)µν = ζg
(0,1)
µν + εζg
(1,1)
µν + ε
2ζg(2,1)µν +O(ε3ζ). (11)
The metric function g
(0,0)
µν , g
(1,0)
µν , and g
(2,0)
µν are obtained from the expansion of the Kerr metric (6)
in terms of the slow rotation parameter up to quadratic order. Note that g
(m,n)
µν ∝ εmζn. We can
express the metric function g
(m,n)
µν in the Regge–Wheeler gauge5
g(m,n)µν =
∞∑
ℓ=0


f(r)H
(m,n)
0ℓ (r) H
(m,n)
1ℓ (r) 0 h
(m,n)
0ℓ (r) sin θ∂θ
H
(m,n)
2ℓ (r)/f(r) 0 h
(m,n)
1ℓ (r) sin θ∂θ
symm. r2K
(m,n)
ℓ (r) 0
r2 sin2 θK
(m,n)
ℓ (r)


Yℓ0(θ), (12)
where Yℓ0 is the spherical harmonics with vanishing azimuthal number. Note that we consider only
Yℓ0 perturbation because we assume the axisymmetry of the system. In a similar way, we expand
ϑ and ϕ as follows
ϑ = α
[
ϑ(0,
1
2
) + εϑ(1,
1
2
) + ε2ϑ(2,
1
2
)
]
+O(ε3α), (13)
ϕ = α
[
ϕ(0,
1
2
) + εϕ(1,
1
2
) + ε2ϕ(2,
1
2
)
]
+O(ε3α). (14)
4 We note that introducing small correction terms to the Einstein-Hilbert action, the theory may admit solutions
which are very different from the case of general relativity (see an example in higher dimensional Einstein Gauss-
Bonnet gravity [30, 31]). In this paper, we focus on solutions which become those of general relativity in ζ → 0
limit.
5 While we are interested in non-linear perturbations, at each order, the highest order corrections can be treated
as linear perturbations with source terms from the lower order corrections. Thus, we can use the form of metric
functions in Appendix B at each order. We note that the definition of the functions H
(m,n)
0ℓ and H
(m,n)
2ℓ in Eq. (12)
are slightly different from those in Appendix B.
6Because the source terms of the equation of motion for scalar fields are the order O(α) (see Eqs. (18)
and (57)), the leading terms of the scalar fields also are proportional to α in the above equations.
Also, because O(α) = O(ζ1/2), we labeled the order of ζ on the scalar fields as 1/2. Here, we list
up the scalar fields that can affect to the metric solution up to O(ε2ζ).
III. SLOWLY ROTATING BLACK HOLES IN DCS GRAVITY
For dCS gravity, the field equations are given by
Gµν =
1
2κ
T ϑµν −
α
κ
Cµν ≡ T dCSµν , (15)
Cµν ≡ (∇σϑ)ǫσδα(µRν) δ + (∇σ∇δϑ)R˜δ(µν)σ , (16)
T ϑµν ≡ (∇µϑ)(∇νϑ)−
1
2
gµν(∇δϑ)(∇δϑ), (17)
ϑ = −α
4
RνµρσR˜
µνρσ. (18)
In Eq. (18), we can expand the source terms by only spin parameter as follows
αRνµρσR˜
µνρσ = α
(
288M3ε cos θ
r7
(
1− 28M
2
3r2
ε2 cos2 θ
)
+O(ε5)
)
+O(α3), (19)
where we used that the metric is expanded by ζ as in Eq. (5). Notice that the source term contains
only odd power of ε.
We assume the background spherically symmetric spacetime is the Schwarzschild spacetime.
Under this assumption, the only second term of the C-tensor (16) is relevant for the metric solution
to O(ζ):
α
κ
Cµν = α
κ
(∇σ∇δ ϑ)R˜δ(µν)σ +O(ζ2). (20)
We expand the scalar filed with the spherical harmonics as ϑ(m,
1
2
) =
∑
ℓΘ
(m, 1
2
)
ℓ (t, r)Yℓ0(θ). In the
following subsections, we see that the time dependence of ϑ is determined from the stationarity of
the effective stress energy tensor T dCSµν :
∂tT
dCS
µν = 0. (21)
In addition, we impose the following condition
T dCSti |ℓ=0 = 0, (22)
where i = r, θ, and φ, because these components of the Einstein tensor vanish for stationary
spacetimes for ℓ = 0.
7A. O(ζ) corrections
Supposing that in the limit ε → 0, the spacetime possesses the spherical symmetry, we need
to consider only ℓ = 0 mode.6 Thus, we can express ϑ(0,
1
2
)(t, r) = Θ
(0, 1
2
)
0 (t, r)Y00. Since on any
spherical symmetric spacetime, the C-tensor with ℓ = 0 mode is identically zero, the effective stress
energy tensor contains only T ϑµν . The tr-component of the stationary condition (21) becomes
∂tΘ
(0, 1
2
)
0 ∂t∂rΘ
(0, 1
2
)
0 + ∂rΘ
(0, 1
2
)
0 ∂
2
tΘ
(0, 1
2
)
0 = 0. (23)
The general solution is given by
Θ
(0, 1
2
)
0 (t, r) = F
(0, 1
2
)
0 (r) + tG
(0, 1
2
)
0 (r) +H
(0, 1
2
)
0 (t), (24)
where F (0,
1
2
)
0 and G
(0, 1
2
)
0 are arbitrary functions of r, while H
(0, 1
2
)
0 is an arbitrary function of t. After
substituting this into Eq. (21), we solve tt-component and tr-component of Eq. (21) simultaneously
with respect to dH(0,
1
2
)
0 /dt and d
2H(0,
1
2
)
0 /dt
2, then we have
d2H(0,
1
2
)
0 (t)
dt2
=
(
1− 2M
r
)
dG(0,
1
2
)
0 (r)
dr
. (25)
Since the left hand side is a function of only t and the right hand side is a function of only r, both
sides have to be equal to a constant d
(0, 1
2
)
0 . We obtain the expressions for G
(0, 1
2
)
0 and H
(0, 1
2
)
0 as
follows
G(0,
1
2
)
0 (r) = a
(0, 1
2
)
0 + d
(0, 1
2
)
0 [r + log(r − 2M)], (26)
H(0,
1
2
)
0 (t) =
1
2
d
(0, 1
2
)
0 t
2 + b
(0, 1
2
)
0 t+ c
(0, 1
2
)
0 , (27)
where a
(0, 1
2
)
0 , b
(0, 1
2
)
0 , and c
(0, 1
2
)
0 are integration constants. Substituting G
(0, 1
2
)
0 and H
(0, 1
2
)
0 into
Eq. (21), we obtain d
(0, 1
2
)
0 = 0. Consequently, we obtain the form of Θ
(0, 1
2
)
0
7 :
Θ
(0, 1
2
)
0 (t, r) = F
(0, 1
2
)
0 (r) + (a
(0, 1
2
)
0 + b
(0, 1
2
)
0 )t+ c
(0, 1
2
)
0 . (28)
Substituting this into Eq. (22), from the tr-component, we have
dF (0,
1
2
)
0 (r)
dr
(
a
(0, 1
2
)
0 + b
(0, 1
2
)
0
)
= 0. (29)
6 In dCS gravity, the static uniqueness of the metric with stationary scalar fields is proven in [32].
7 Solving the equation of motion (18) with (28), we obtain the configuration of the scalar field which is regular at
r = 2M : ϑ(0,
1
2
) ∼ q0v where v is an advanced null coordinate expressed as v ∼ t+ 2M log(r − 2M). However, we
need to set q0 = 0 to satisfy the condition (22).
8There are two branches to satisfy this equation: F (0,
1
2
)
0 (r) = const. or a
(0, 1
2
)
0 = −b
(0, 1
2
)
0 . We choose
the former branch and then the scalar field depends t only
ϑ(0,
1
2
)(t) = q0t+ const., (30)
where q0(= [a
(0, 1
2
)
0 +b
(0, 1
2
)
0 ]Y00). The expression for the scalar field (30) is a solution of the equation
of motion (18). We note that the scalar field ϑ(0,
1
2
) becomes stationary when we choose the later
branch. Solving the equation of motion (18) with this stationary scalar field configuration and
imposing the regularity condition at r = 2M , the scalar field becomes trivial: ϑ(0,
1
2
) = const.
Let us move on to the discuss on the metric. For ℓ = 0 mode, the non-vanishing components
of the metric perturbation are H
(0,1)
00 and H
(0,1)
20 . We solve the tt- and rr-components of the field
equations (15) to find H
(0,1)
00 and H
(0,1)
20 :
H
(0,1)
00 (r) = −
M4
√
π
3
q20r
2
[
1 +
15M
2r
− 84M
3
r3
log(r − 2M)− 6M
2
r2
(7− 6 log(r − 2M))
]
− c
(0,1)
1
rf
+ c
(0,1)
2 ,
(31)
H
(0,1)
20 (r) =
M4
√
π
6
q20r
2
[
1 +
3M
r
+
12M2
r2
+
24M3
r3
log(r − 2M)
]
− c
(0,1)
1
rf
, (32)
where c
(0,1)
1 and c
(0,1)
2 are integration constants. The logarithmic dependence in H
(0,1)
00 and H
(0,1)
20
leads to the divergence of the Kretschmann invariant RµνρλR
µνρλ at r = 2M . In order to remove
this divergence, we need to set q0 = 0, which implies ϑ
(0, 1
2
) = const. We set c
(0,1)
1 = c
(0,1)
2 = 0 so
that the metric to be asymptotically flat at the spatial infinity, and the mass of the system does
not change from M .
B. O(εζ) corrections
Because the stress energy tensor of the scalar field T ϑµν is always of order of O(ε2ζ), T dCSµν contains
only C-tensor (16). At the order O(εζ), C-tensor is identically zero for ℓ = 0 mode. This means
that we cannot obtain the form of the scalar field with ℓ = 0 from the stationary condition (21).
As shown later, the time dependence of ϑ(1,
1
2
) for ℓ = 0 is determined by the stationary condition
of the order O(ε2ζ).
For ℓ ≥ 1, the θθ-component of the stationary condition (21) becomes ∂2tΘ
(1, 1
2
)
ℓ (t, r) = 0. The
general solution is given by
Θ
(1, 1
2
)
ℓ (t, r) = F
(1, 1
2
)
ℓ (r) + tG
(1, 1
2
)
ℓ (r). (33)
9Substituting this into Eq. (21), we obtain
r
dG(1,
1
2
)
ℓ (r)
dr
− G(1,
1
2
)
ℓ (r) = 0. (34)
The general solution is
G(1,
1
2
)
ℓ (r) = a
(1, 1
2
)
ℓ r, (35)
where a
(1, 1
2
)
ℓ is an integration constant. We consider the cases of ℓ = 1 and ℓ ≥ 2, separately. For
ℓ = 1, the equation of motion for the scalar field (18) can be written as
a
(1, 1
2
)
1 t =
24M3
√
3π
r5
−F (1,
1
2
)
1 (r) + (r −M)
dF (1,
1
2
)
1 (r)
dr
+
2(r − 2M)
2
d2F (1,
1
2
)
1 (r)
dr2
, (36)
which means a
(1, 1
2
)
1 = 0 so that the above equation holds for all t and r. By solving Eq. (36), we
obtain the form of F (1,
1
2
)
1 :
F (1,
1
2
)
1 (r) =
5
√
3π
12r2
(
1 +
2M
r
+
18M2
5r2
)
. (37)
We chose the integration constants as the scalar field is regular everywhere. For ℓ ≥ 2, we have
a
(1, 1
2
)
ℓ = 0 from the similar analysis of the equation of motion for the scalar field (18). Then,
Eq. (18) reduces to
ℓ(ℓ+ 1)F (1,
1
2
)
ℓ (x)− (2x+ 1)
dF (1,
1
2
)
ℓ (x)
dx
− x(x+ 1)d
2F (1,
1
2
)
ℓ (x)
dx2
= 0, (38)
where we introduce a new variable x ≡ r/2M − 1. The general solution is given by
F (1,
1
2
)
ℓ (x) = b
(1, 1
2
)
ℓ Pℓ(1 + 2x) + c
(1, 1
2
)
ℓ Qℓ(1 + 2x), (39)
where b
(1, 1
2
)
ℓ and c
(1, 1
2
)
ℓ are integration constants, and Pℓ and Qℓ are Legendre polynomials of first
kind and second kind, respectively. Requiring that the scalar field is regular everywhere, we should
set b
(1, 1
2
)
ℓ = c
(1, 1
2
)
ℓ = 0.
8 Therefore, the configuration of the scalar field ϑ(1,
1
2
) for ℓ ≥ 1 is given by
ϑ(1,
1
2
)(r, θ) =
5
8
αε
cos θ
r2
(
1 +
2M
r
+
18M2
5r2
)
. (40)
We note again that the time dependence of ϑ(1,
1
2
) for ℓ = 0 is determined by the stationary condition
of the order O(ε2ζ).
8 For large x, Legendre polynomial of first kind diverges as Pℓ(1 + 2x) ∼ x
ℓ. For small x, Legendre polynomial of
second kind diverge because it behaves as Qℓ(1 + 2x) ∼ log ((x+ 1)/x).
10
We derive the metric solution of the order O(εζ). The the effective stress energy tensor has
only non-trivial component T dCStφ for ℓ = 1. The tφ-component of the field equation (15) for ℓ = 1
becomes
r2
d2h
(1,1)
01
dr2
− 2dh
(1,1)
01
dr
= −15
√
3πM5
2r4
(
1 +
8M
3r
+
6M2
r2
)
, (41)
and the solution is given by
h
(1,1)
01 (r) = −
5
√
3πM5
4r4
(
1 +
12M
7r
+
27M2
10r2
)
+
c
(1,1)
1
r
+ c
(1,1)
2 r
2, (42)
where c
(1,1)
1 and c
(1,1)
2 are integration constants. We set c
(1,1)
1 = c
(1,1)
2 = 0 so that the metric is
asymptotically flat at the spatial infinity and the amplitude of the angular momentum does not
change from Ma. For ℓ = 0 and ℓ ≥ 2, the field equations (15) are homogeneous equations, the
solutions are discussed in Appendix C. The metric perturbations for ℓ = 0 and ℓ ≥ 2 vanish by
imposing that the spacetime is asymptotically flat and regular at the horizon. The result (42) with
c
(1,1)
1 = c
(1,1)
2 = 0 coincides with the metric solution obtained in [24]. Note that the spacetime is
circular up to this order.
C. O(ε2ζ) corrections
For ℓ = 0 mode, the tθ-component of the stationary condition (21) is
2M∂2tΘ
(1, 1
2
)
0 (t, r) + r(r − 2M)∂2t ∂rΘ
(1, 1
2
)
0 (t, r) = 0. (43)
The general solution is given by
Θ
(1, 1
2
)
0 (t, r) = F
(1, 1
2
)
0 (r) + tG
(1, 1
2
)
0 (r) +
r
r − 2MH
(1, 1
2
)
0 (t). (44)
Substituting this into Eq. (21), we solve the rθ-component with respect to dG(1,
1
2
)
0 /dr:
dG(1,
1
2
)
0 (r)
dr
=
1
(r − 2M)2

2M dH(1,
1
2
)
0 (t)
dt
− r3d
3H(1,
1
2
)
0 (t)
dt3

 . (45)
Since the left hand side is a function of r, the right hand side also has to be a function of r. From
that condition, we have
H(1,
1
2
)
0 (t) = a
(1, 1
2
)
0 + b
(1, 1
2
)
0 t, (46)
11
where a
(1, 1
2
)
0 and b
(1, 1
2
)
0 are constants. Then we can integrate Eq. (45) to obtain the expression of
G(1,
1
2
)
0 :
G(1,
1
2
)
0 (r) = −
2Mb
(1, 1
2
)
0
r − 2M + c
(1, 1
2
)
0 , (47)
where c
(1, 1
2
)
0 is an integration constant. Thus, we have
Θ
(1, 1
2
)
0 (t, r) = F
(1, 1
2
)
0 (r) +
a
(1, 1
2
)
0 r
r − 2M +
(
b
(1, 1
2
)
0 + c
(1, 1
2
)
0
)
t. (48)
From the regularity of the scalar field at r = 2M , we need to set a
(1, 1
2
)
0 = 0. From the tr-component
of Eq. (22), we have
dF (1,
1
2
)
0 (r)
dr
(
b
(1, 1
2
)
0 + c
(1, 1
2
)
0
)
= 0. (49)
We choose the branch in which F (1,
1
2
)
0 = const. for the same reason as for the case of ϑ
(0, 1
2
), i.e,
the other branch in which b
(1, 1
2
)
0 = −c
(1, 1
2
)
0 makes the ℓ = 0 mode of the scalar field ϑ
(1, 1
2
) trivial:
ϑ(1,
1
2
)|ℓ=0 = const. Therefore, the scalar field ϑ(1, 12 ) is given by
ϑ(1,
1
2
)(t, r, θ) = αε
[
q t+
5cos θ
8r2
(
1 +
2M
r
+
18M2
5r2
)
+ const.
]
, (50)
where q(= [b
(1, 1
2
)
0 + c
(1, 1
2
)
0 ]Y00) is a constant.
We discuss the metric function g
(2,1)
µν . First, we focus on the non-circular component H
(2,1)
1ℓ .
From the tr-component of the field equation (15) for ℓ = 1, we obtain H
(2,1)
11 as follows
H
(2,1)
11 (r) =
5M4
√
3πq
12fr
(
1 +
M
r
+
6M2
5r2
− 24M
3
5r3
)
. (51)
Since H
(2,1)
11 is proportional to q, we can see that the non-circularity comes from the linear time
dependence of the scalar field ϑ(1,
1
2
). For ℓ ≥ 2, the equations for H(2,1)1ℓ become homogeneous, and
these can be solved as H
(2,1)
1ℓ = 0. We note that H
(2,1)
1ℓ = 0 for ℓ = 0 from the gauge condition.
Next, we discuss the other metric components. For ℓ = 0, we solve tt-component of the field
equation (15), which is a first order ordinary differential equation for H
(2,1)
20 and useH
(2,1)
20 to obtain
12
H
(2,1)
00 . The components H
(2,1)
00 and H
(2,1)
20 are given by
H
(2,1)
00 (r) = −
5
√
π
192
ε2ζ
M5
r5f
(
1 +
100M
r
+
194M2
r2
+
2220M3
7r3
− 1512M
4
5r4
)
− c
(2,1)
1
rf
+ c
(2,1)
2
− M
4q2
√
π
3f
r2ε2ζ
[
1 +
15M
2r
− (19− 36 log(r − 2M)) M
2
r2
− (46 + 84 log(r − 2M)) M
3
r3
]
,
(52)
H
(2,1)
20 (r) = −
25
√
π
192
ε2ζ
M4
r4f
(
1 +
3M
r
+
322M2
5r2
+
198M3
5r3
+
6276M4
175r4
− 17496M
5
25r5
)
− c
(2,1)
1
rf
− M
4q2
√
π
6f
r2ε2ζ
[
1 +
3M
r
+
12M2
r2
+
24M3
r3
log(r − 2M)
]
, (53)
where c
(2,1)
1 and c
(2,1)
2 are integration constants. For ℓ = 2, there is no contribution from the time
dependence of the scalar field because it appears only in ℓ = 0 mode (see Eq. (50)). Thus, H
(2,1)
02 ,
H
(2,1)
22 , and K
(2,1)
2 are given by the same forms obtained in [25].
9
Because the components H
(2,1)
00 and H
(2,1)
20 include the logarithmic divergence as r → 2M , the
non-circular spacetime obtained in this paper is singular at r = 2M . Indeed, the Kretschmann
invariant RµνρλR
µνρλ diverges at r = 2M . In dCS gravity, therefore, there does not exist the non-
circular regular black hole solution at least around the Schwarzschild spacetime up to the order
O(ε2ζ).
IV. SLOWLY ROTATING BLACK HOLES IN ESGB GRAVITY
For ESGB gravity, the field equations are given by
Gµν =
1
2κ
Tϕµν −
α
κ
Dµν ≡ TESGBµν , (54)
Dµν ≡ −2(∇µ∇νϕ)R + 2(∇σ∇σϕ)(gµνR− 2Rµν)
+ 8Rσ(µ∇σ∇ν)ϕ− 4gµν(∇σ∇δϕ)Rσδ + 4(∇σ∇δϕ)Rµσνδ , (55)
Tϕµν ≡ (∇µϕ)(∇νϕ)−
1
2
gµν(∇δϕ)(∇δϕ), (56)
ϕ = −α(R2 − 4RµνRµν +RµνρσRµνρσ). (57)
We consider the perturbed solution around the Schwarzschild spacetime. We can expand the source
term of Eq. (57) in terms of only the spin parameter as follows
α(R2 − 4RµνRµν +RµνρσRµνρσ) = α
(
48M2
r6
(
1− 21M
2
r2
ε2 cos2 θ
)
+O(ε4)
)
+O(α3), (58)
9 The functions H
(2,1)
02 , H
(2,1)
22 , and K
(2,1)
2 correspond to the functions H020, H220 and K20 in Eqs.(A18)-(A20)
in [25], respectively.
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where we used that the metric is expanded by ζ as in Eq. (5). Note that the source term contains
the even power of ε.
When we focus on the perturbed solution around the Schwarzschild spacetime, only the last
term of D-tensor (55) is relevant for the linear order of ζ:
α
κ
Dµν = 4α
κ
(∇σ∇δϕ)Rµσνδ +O(ζ2). (59)
We expand the scalar field with the spherical harmonics as ϕ(m,
1
2
) =
∑
ℓΦ
(m, 1
2
)
ℓ (t, r)Yℓ0(θ). As we
discussed in the previous section, we impose the stationary condition to the effective stress energy
tensor TESGBµν :
∂tT
ESGB
µν = 0. (60)
We also should impose
TESGBti |ℓ=0 = 0, (61)
where i = r, θ, and φ, because these components of the Einstein tensor vanish for stationary
spacetimes for ℓ = 0. While the stationary condition (60) admits linear time dependence of
the scalar fields, such behavior is prohibited from the condition (61) as shown in the following
discussion.
A. O(ζ) corrections
We assume that the spacetime possesses the spherical symmetry in the limit ε→ 0. This means
that we can express ϕ(0,
1
2
)(t, r) = Φ
(0, 1
2
)
0 (t, r)Y00. Combining the tr-component of Eq. (61) and its
time derivative, we obtain10
Φ
(0, 1
2
)
0 (t, r) = I
(0, 1
2
)
0 (r) + tJ
(0, 1
2
)
0 (r) + t
2K(0,
1
2
)
0 (r) + L
(0, 1
2
)
0 (t), (62)
where I(0,
1
2
)
0 , J
(0, 1
2
)
0 , and K
(0, 1
2
)
0 are arbitrary functions of r, while L
(0, 1
2
)
0 is an arbitrary function
of t. Substituting this expression into Eq. (61) again, we can solve the tr-component with respect
to dL(0,
1
2
)
0 /dt as
dL(0,
1
2
)
0 (t)
dt
= − 32M
√
π
r3A(t, r)

dJ (0, 12 )0 (r)
dr
+ 2t
dK(0,
1
2
)
0 (r)
dr

− (J (0, 12 )0 (r) + 2tK(0, 12 )0 (r)
)
, (63)
10 First we solve tr-component of Eq. (61) with respect to ∂rΦ
(0,1/2), and substitute it to the time derivative of the
tr-component of Eq. (61). Then, we can solve the differential equation and the general solution is Eq. (62).
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where
A(t, r) ≡ dI
(0, 1
2
)
0 (r)
dr
+ t
dJ (0,
1
2
)
0 (r)
dr
+ t2
dK(0,
1
2
)
0 (r)
dr
− 32M
2√π
r4(r − 2M) . (64)
From the condition for the right hand side of Eq. (63) to be a function of only t, we obtain
K(0,
1
2
)
0 (r) = f
(0, 1
2
)
0 , (65)
J (0,
1
2
)
0 (r) = g
(0, 1
2
)
0 , (66)
where f
(0, 1
2
)
0 and g
(0, 1
2
)
0 are constants. Then, we integrate Eq. (63) to obtain L
(0, 1
2
)
0 :
L(0,
1
2
)
0 (t) = −t2 f
(0, 1
2
)
0 − t g
(0, 1
2
)
0 + h
(0, 1
2
)
0 , (67)
where h
(0, 1
2
)
0 is an integration constant. When we substitute this into Eq. (62), we obtain
Φ
(0, 1
2
)
0 (r) = I
(0, 1
2
)
0 (r) + const. (68)
Notice that the time dependence of the scalar field is not allowed.
Substituting Eq. (68) into the equation of motion for scalar field (57) and impose the regularity
condition at the horizon, we obtain the configuration of the scalar field ϕ(0,
1
2
) 11 [33]:
ϕ(0,
1
2
)(r) = α
2
Mr
(
1 +
M
r
+
4M2
3r2
)
+ const. (69)
The metric of the order O(ζ) can be obtained by solving the field equation (54)
g
(0,1)
tt (r) = −
ζ
3
M3
r3
(
1 +
26M
r
+
66M2
5r2
+
96M3
5r3
− 80M
4
r4
)
, (70)
g(0,1)rr (r) = −
ζ
f2
M2
r2
(
1 +
M
r
+
52M2
3r2
+
2M3
r3
+
16M4
5r4
− 368M
5
3r5
)
. (71)
These expressions are same as those in [33].
B. O(εζ) corrections
For ℓ = 0 mode, from the tr-component of Eq. (61), we obtain
Φ
(1, 1
2
)
0 (t, r) = I
(1, 1
2
)
0 (r) + e
r(r+4M)
16M2
√
r − 2ML(1,
1
2
)
0 (t), (72)
11 We imposed the regularity condition at the horizon r = 2M to obtain this expression. Here, we implicitly assumed
the existence of the black hole, i.e., M 6= 0, and we need to discuss M = 0 case separately. In fact, ϕ(0,
1
2
)(r) = 0
for M = 0 case. Thus, we cannot take a smooth M → 0 limit to this solution.
15
where I(1,
1
2
)
0 and L
(1, 1
2
)
0 are arbitrary functions of r and t, respectively. From the rr-component
and the θθ-component of Eq. (61), we obtain
L(1,
1
2
)
0 (t) = f
(1, 1
2
)
0 , (73)
where f
(1, 1
2
)
0 is a constant. In order to remove the divergence of the scalar field at spatial infinity,
we set f
(1, 1
2
)
0 = 0, which means
Φ
(1, 1
2
)
0 (r) = I
(1, 1
2
)
0 (r). (74)
Substituting Eq. (74) into the equation of motion for the scalar field (57), and imposing the
regularity at r = 2M , we have
Φ
(1, 1
2
)
0 (r) = const. (75)
For ℓ ≥ 1, the tθ-component of the stationary condition (60) is ∂2tΦ
(1, 1
2
)
ℓ = 0. The general
solution is given by
Φ
(1, 1
2
)
ℓ (t, r) = I
(1, 1
2
)
ℓ (r) + tJ
(1, 1
2
)
ℓ (r), (76)
where I(1,
1
2
)
ℓ and J
(1, 1
2
)
ℓ are arbitrary functions of r. When we substitute this into Eq. (60), we
obtain the expression for J (1,
1
2
)
ℓ :
J (1,
1
2
)
ℓ (r) = f
(1, 1
2
)
ℓ (r − 3M)ℓ(ℓ+1)/2 , (77)
where f
(1, 1
2
)
ℓ is an integration constant. Substituting this into Eq. (60), we obtain f
(1, 1
2
)
ℓ = 0. Since
the equation of motion of the scalar field (57) becomes the same form as (38), the expression for
Φ
(1, 1
2
)
ℓ is given by
Φ
(1, 1
2
)
ℓ (x) = g
(1, 1
2
)
ℓ Pℓ(1 + 2x) + h
(1, 1
2
)
ℓ Qℓ(1 + 2x), (78)
where g
(1, 1
2
)
ℓ and h
(1, 1
2
)
ℓ are integration constants and x = r/2M − 1. From the regularity of the
scalar field, we need to set g
(1, 1
2
)
ℓ = h
(1, 1
2
)
ℓ = 0. Therefore, the scalar field ϕ
(1, 1
2
) has only ℓ = 0
mode and the configuration becomes
ϕ(1,
1
2
)(r) = const. (79)
As in the case of the order O(ζ), the time dependence of the scalar field is not allowed at the order
O(εζ).
The metric of the order O(εζ) can be obtained by solving the field equations (54):
g
(1,1)
tφ (r) =
3
5
εζ
M4 sin2 θ
r3
(
1 +
140M
9r
+
10M2
r2
+
16M3
r3
− 400M
4
9r4
)
. (80)
This result is same from in [26]. Thus, the circularity condition holds at this order.
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C. O(ε2ζ) corrections
We can show that the scalar field is time independent: ϕ(2,
1
2
) = ϕ(2,
1
2
)(r) by the same way as
the case of the order O(εζ). The configuration of the scalar field ϕ(2, 12 ) is given by [26, 27]
ϕ(2,
1
2
)(r) = − ε
2α
2Mr
[
1 +
M
r
+
4M2
5r2
+
2M3
5r3
+
28M2 cos2 θ
5r2
(
1 +
3M
r
+
48M2
7r2
)]
. (81)
We choose the homogeneous integration constants so that the scalar field to be regular everywhere.
The metric of the order O(ε2ζ) is given by the same form obtained in [27].12 Thus, the spacetime
is circular at this order.
V. SUMMARY AND DISCUSSION
We have studied slowly rotating black hole solutions up to linear order in coupling constant
and quadratic order in the spin in dynamical Chern–Simons gravity and shift symmetric Einstein
scalar Gauss–Bonnet gravity. In our analysis, we did not assume the circularity condition for the
spacetime and the time independence of the scalar fields. We have shown that in both gravity
theories, up to this order, such regular non-circular black hole solutions do not exist at least
around the Schwarzschild spacetime. We note that the linear time dependence of the scalar fields
leads non-circular spacetimes in dynamical Chern–Simons gravity, while the linear time dependence
makes the spacetime singular. We also have shown that in dynamical Chern–Simons gravity, the
time dependence of the scalar field is limited to the linear time dependence from the stationarity of
the effective stress energy tensors. On the other hand, we have shown in shift symmetric Einstein
scalar Gauss–Bonnet gravity, any time dependence of the scalar field is prohibited. This is the
consequence of the conditions (60) and (61) which mean that the effective stress energy tensor is
stationary and the ti-component of the effective stress energy tensor should vanish for ℓ = 0 mode.
Our results suggest the non-existence of rotating non-circular black holes in these gravity theories.
In our analysis, we first determine the time dependence of the scalar fields from the stationarity
of the metric functions and the effective stress energy tensors, and next we solve the field equations.
In both steps, we adapt the slow rotation approximation, and solve the equations at each order
of the spin parameter. Since our analysis method is widely usable, it is interesting to use it to
find non-circular black hole solutions in other string-inspired gravity theories, but we leave this to
future work.
12 The functions H
(2,1)
0ℓ , H
(2,1)
2ℓ , andK
(2,1)
ℓ correspond to the functions H0ℓ0,H2ℓ0 andKℓ0 in Eqs.(A15)-(A21) in [27],
respectively (see also the erratum in [27] because there are some typos).
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Appendix A: circularity condition
In this section, we briefly review the circularity condition [5, 6]. The stationary and axisym-
metric spacetime possesses an asymptotically timelike Killing vector field k and a spacelike Killing
vector field m whose orbit is closed. We assume that these two Killing vector fields commute. This
implies that we can choose a coordinate system {t, x1, x2, φ} where k = ∂t and m = ∂φ are coordi-
nate basis vectors. Consequently, the metric components in this coordinate system are independent
of t and φ:
ds2 = gµν(x
1, x2)dxµdxν . (A1)
The spacetime is said to be circular if the two-dimensional surface orthogonal to k and m is
integrable. From the Frobenius’s theorem, the integrability condition is given by
dk ∧ k ∧m = dm ∧m ∧ k = 0. (A2)
When these conditions are satisfied, the metric can be decomposed as follows
ds2 =
∑
A,B
gABdx
AdxB +
∑
a,b
gabdx
adxb, (A3)
where A,B run t, φ while a, b run x1, x2, respectively. That is, when the spacetime is circular, the
t xa- and φxa-components of the metric vanish. For the stationary, axisymmetric, and asymptoti-
cally flat spacetime, the conditions (A2) are equivalent to the Ricci-circular conditions
R(k) ∧ k ∧m = R(m) ∧m ∧ k = 0, (A4)
where R(k) = kµRµν and R(m) = m
µRµν . In the vacuum solution of general relativity in which
Rµν = 0, the spacetime is always circular.
18
Appendix B: linear stationary metric perturbation in the Regge–Wheeler gauge
In this section, we review the linear stationary metric perturbation around the spherically
symmetric spacetime in the Regge–Wheeler gauge briefly. The background metric is given by
ds2BG = −f(r)dt2 +
dr2
f(r)
+ r2
∑
a,b
γabdx
adxb, (B1)
where a, b run θ, φ, and γab is the metric on S
2
∑
a,b
γabdx
adxb = dθ2 + sin2 θdφ2. (B2)
In the following subsection, we show that the even and odd metric perturbations in the Regge–
Wheeler gauge are given by
h(+)µν dx
µdxν =
(
H0(r)dt
2 + 2H1(r)dtdr +H2(r)dr
2
)
S+ 2r2K(r)S
∑
a,b
γabdx
adxb, (B3)
h(−)µν dx
µdxν = (2h0(r)dt+ 2h1(r)dr)
∑
a
Vadx
a. (B4)
In the right hand side of the above equations, we should take summation of ℓ, but we omit to write
it in this paper. The scalar harmonics S is defined by regular solutions of the equation(∑
a
DˆaDˆa + ℓ(ℓ+ 1)
)
S = 0, (B5)
where Dˆa is the covariant derivative on S
2 and ℓ = 0, 1, 2, 3, · · · . The scalar harmonics S can
be written by S =
∑
m cmYℓm, where Yℓm is the spherical harmonics and cm are constants. If
we impose the spacetime symmetry along ∂φ, we can set S = Yℓ0. The vector harmonics Va is
expressed as Va =
∑
b ǫˆa
bDˆbS where ǫˆab is the Levi–Civita tensor on S
2. The vector harmonics Va
satisfies (∑
b
DˆbDˆb + ℓ(ℓ+ 1)− 1
)
Va = 0, (B6)
with
∑
a Dˆ
a
Va = 0. Because Va = 0 for ℓ = 0, we only need to consider ℓ ≥ 1 for the odd parity
metric perturbation (B4). We note that h1|ℓ=1 = H1|ℓ=1 = K|ℓ=0 = K|ℓ=1 = 0.
1. even parity stationary perturbation
The general even parity stationary metric perturbation can be written as
h(+)µν dx
µdxν =
(
H0(r)dt
2 + 2H1(r)dtdr +H2(r)dr
2
)
S+
(2rHtΩ dt+ 2rHrΩ dr)
∑
a
Sadx
a + 2r2
∑
a,b
(K(r)S γab +K2(r)Sab) dx
adxb. (B7)
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The two quantities Sa(ℓ ≥ 1) and Sab(ℓ ≥ 2) are expressed by
Sa = − 1√
ℓ(ℓ+ 1)
DˆaS, Sab =
1
ℓ(ℓ+ 1)
DˆaDˆb S+
1
2
γab S. (B8)
Note that Sa = 0 for ℓ = 0 and Sab = 0 for ℓ = 0, 1.
We perform an infinitesimal coordinate transformation xµ → xµ + ξµ. The gauge functions ξµ
for even stationary metric perturbation are given by
ξt = T (r)S, ξr = R(r)S, ξa = ξΩ(r)Sa. (B9)
The transformation laws are given by
H0(r)→ H0(r)− f(r)f ′(r)R(r), (B10)
H1(r)→ H1(r) + T ′(r)− f
′(r)
f(r)
T (t), (B11)
H2(r)→ H2(r) + 2R′(r) + f
′(r)
f(r)
R(r), (B12)
HtΩ(r)→ HtΩ(r)−
√
ℓ(ℓ+ 1)
r
T (r), (B13)
HrΩ(r)→ HrΩ(r)−
√
ℓ(ℓ+ 1)
r2
R(r)− 2
r2
ξΩ(r) +
ξ′Ω(r)
r
, (B14)
K(r)→ K(r) + f(r)
r
R(r) +
√
ℓ(ℓ+ 1)
2r2
ξΩ(r), (B15)
K2(r)→ K2(r)−
√
ℓ(ℓ+ 1)
r2
ξΩ(r), (B16)
where prime denotes the derivative with respect to r. Note that We can see that for ℓ ≥ 2, K2,
HtΩ, and HrΩ can be set to zero by solving algebraic equations for ξΩ, R, and T . For ℓ = 1, we
can set K, HtΩ, and HrΩ to be zero. In the case of ℓ = 0, where the relevant gauge functions are
T and R, we can use these gauge functions to set K = H1 = 0.
2. odd parity stationary perturbation
The general odd parity stationary metric perturbation can be written as
h(−)µν dx
µdxν = (2h0(r) dt+ 2h1(r) dr)
∑
a
Vadx
a + 2 r2 hΩ(r)
∑
a,b
Vabdx
adxb. (B17)
The symmetric trace-free tensor Vab is expressed as
Vab = −
Dˆ(aVb)√
ℓ(ℓ+ 1)− 1 . (B18)
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We note that Vab = 0 for ℓ = 1.
For the odd parity stationary metric perturbation, the gauge functions ξµ can be written as
ξt = ξr = 0, ξa = ξΩ(r)Va, (B19)
where ξΩ is an arbitrary function of r. The transformation laws are given by
h0(r)→ h0(r), (B20)
h1(r)→ h1(r) + ξ′Ω(r)−
2
r
ξΩ(r), (B21)
hΩ(r)→ hΩ(r)−
√
ℓ(ℓ+ 1)− 1
r2
ξΩ(r). (B22)
From these transformation laws, we can set hΩ = 0 for ℓ ≥ 2 modes. For ℓ = 1, because Vab = 0,
hΩ does not appear in the odd parity metric perturbation (B17). For this reason, we need to
consider only Eqs. (B20) and (B21), and we set h1 = 0 for ℓ = 1 by choosing ξΩ appropriately.
Appendix C: homogeneous solution of stationary metric perturbation
In this section, we discuss the homogeneous solution of the stationary metric perturbation, i.e.,
we solve Gµν = 0. We express the metric perturbation in the Regge–Wheeler gauge as shown
in (12).
1. even parity perturbation
We start with the discussion on the even parity metric perturbations H0ℓ, H1ℓ, H2ℓ, and Kℓ.
For ℓ = 0, we only need to consider H00 and H20. We solve Gtt = 0 with respect to H20 and we
use it to solve Grr = 0 with respect to H00. The solutions are given by
H00(r) =
a
rf
+ b, (C1)
H20(r) =
a
rf
, (C2)
where a and b are integration constants and f = 1 − 2M/r. By imposing that the spacetime is
asymptotically flat and the mass of the black hole measured at the spatial infinity is M , we can
set a = b = 0.
For ℓ = 1, the non-vanishing components of the metric perturbation are H01, H11, and H21.
From Grt = 0, we can see H11 = 0. By the same procedure in the case of ℓ = 0, we obtain H01
21
and H21 as
H01(r) =
c
3r2f2
+ d rf, (C3)
H21(r) =
c
r2f2
, (C4)
where c and d are integration constants. In order to satisfy Grθ = 0, we need to set d = 0. We
also need to c = 0 so that the spacetime is regular at r = 2M .
For ℓ ≥ 2, we can see H1ℓ = 0 from Grt = 0. Combining Gθθ = 0 and Gφφ = 0, we consider
Gθθ +Gφφ/ sin
2 θ = 0. The general solution of this equation is
H0ℓ(r) = H2ℓ(r). (C5)
Then, we need to solve the coupled differential equations with respect to H2ℓ and Kℓ. The general
solutions are given by
H2ℓ(x) = eP
2
ℓ (2x+ 1) + fQ
2
ℓ(2x+ 1), (C6)
Kℓ(x) =
e
2(ℓ+ 2)x(x + 1)
[{2x(x(ℓ + 2) + ℓ+ 1)− 1}P 2ℓ (2x+ 1) + P 2ℓ+1(2x+ 1)]
+
f
2(ℓ+ 2)x(x + 1)
[{2x(x(ℓ + 2) + ℓ+ 1)− 1}Q2ℓ (2x+ 1) +Q2ℓ+1(2x+ 1)] , (C7)
where e, f are integration constants, Pmn (x) and Q
m
n (x) are the associated Legendre polynomial
of the first kind and second kind, respectively, and x = r/2M − 1. When we require that the
spacetime is regular everywhere, we need to set e = f = 0.
2. odd parity perturbation
We discuss the odd parity metric perturbation h0ℓ and h1ℓ. It is sufficient to consider the case
of ℓ ≥ 1 for odd parity metric perturbation. From Grφ = 0, we have h1ℓ = 0 for ℓ ≥ 1.
For ℓ = 1, the expression for h01 can be obtained from Gtφ = 0 by
h01(r) =
g
r
+ h r2, (C8)
where g and h are integration constants. From the asymptotic flatness of the spacetime, we need to
set h = 0. When we deal with the perturbation around the Schwarzschild black hole, the constant
g is interpreted as the amplitude of the angular momentum of the black hole. When we deal with
the perturbation around the Kerr black hole, we set g = 0 because we consider only the case where
the amplitude of the angular momentum of the black hole does not change.
22
For ℓ ≥ 2, the general solution of h0ℓ can be obtained by [34]
h0ℓ(r) = i
r2
4M2
2F1(1− ℓ, ℓ+ 2, 4; r
2M
) + jG2020

 r
2M
∣∣∣∣∣∣
1− ℓ, ℓ+ 2
−1, 2

 , (C9)
where i and j are integration constants while 2F1 and G are the hypergeometric function and the
the Meijer function. The first term is regular at r = 2M but diverge at the infinity while the second
term is regular at the infinity but diverge at r = 2M . For the spacetime to be regular everywhere,
we need to set i = j = 0.
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